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The online redesign of experiments for parameter determination of nonlinear dynamic systems has been studied recently by
different research groups. In this article, this technique is assessed in a real case study for the first time. The presented
algorithm adopts well-known concepts from model-based control. Compared to previous studies, special attention is given
to the efficient treatment of the underlying nonlinear and possibly ill-conditioned parameter estimation and experiment
design problems. These problems are solved with single shooting and gradient-based nonlinear programming (NLP)
solvers. We use an initial value solver, which generates first- and second-order sensitivities to compute exact derivatives of
the problem functions. As a special feature, we propose the integration of a local parameter identifiability analysis and a
corresponding algorithm that generates well-conditioned problems. The practical applicability is demonstrated by
experimental application to a chromatography column system where A, D, and E optimal experiments are performed.
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Introduction

The experimental determination of parameters from mech-
anistic models is accomplished by solving parameter estima-
tion (PE) problems, where model predictions are fitted to
measured data. For the most accurate determination of the
model parameters, model-based optimum experiment design
(ED) techniques have been widely adopted.1–3 The optimum
ED selects conditions that generate the maximum informa-
tion content in the measured data with respect to the model
parameters to be determined. The optimum experiment
conditions are defined by the ED variables which are the
input actions taken at the process. Their values are computed
by minimization of the ED criterion whose definition is
based on the sensitivities of model predictions to model
parameters.

For general chemical and biological systems, the model is
nonlinear in both the ED variables and the parameters.
Accordingly, the sensitivity functions used to search for opti-
mum experimental conditions depend on the unknown model
parameters. Thus, a computed design is then only locally
optimal. Indeed, if the assumed parameter values differ too
much from the ‘‘true’’ parameter values, the ED can prove
to be far from optimal. The robustification of the method for
computing an optimal ED for parameter determination of
nonlinear systems has been considered a significant chal-
lenge by many researchers. In most contributions, uncertain-
ties are assigned to guesses of parameter values. However,
other sources of uncertainties can affect an ED, for example,

implementation errors which take into account possible devi-
ations from planned conditions during experiment execu-
tion.4,5

Generally, two different methods can be distinguished for
the treatment of uncertainties: a direct method where uncer-
tainties are defined and considered a priori, and an indirect
method, which relies on an iterative refinement of the exper-
imental design together with a repeated update of the param-
eter values. In the direct method, uncertainties are consid-
ered when formulating the ED problem. Two criteria are
usually adopted: first, the expected value criterion, which
optimizes the design criterion on average (see Refs. 6 and 7
for examples), second, the minimax criterion, where the ED
problem is solved for the worst case parameter values of the
uncertain parameter space (see Refs. 6, 8, and 9 for exam-
ples). The indirect or ‘‘adaptive’’ method uses an iterative
procedure where a local ED is generated in each iteration.
After an initial parameter guess, the experiment is carried
out, parameters are re-estimated from the measurement data,
and subsequent optimized experiments are computed, con-
ducted, and analyzed. This sequential solution of ED and PE
problems is then continued until the estimated parameters
meet predefined significance specifications (see Refs. 4 and
10, for examples).

As an extension to the adaptive design, the idea of an
online model-based redesign of experiments was first pre-
sented by Ref. 1. Although the methodology was initially
developed for nonphysical models, it was studied recently by
various authors for mechanistic models also.5,11–15 In con-
trast to the off-line adaptive design, in the online redesign of
experiments, new measurement data are exploited before
designing a new experiment. Hence, the experiment is con-
ducted for one or several measurement sampling points, the
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parameter values are updated, and the experiment is rede-
signed. This procedure is then repeated until the end of the
experiment. It should be noted that in Refs. 5 and 11–15, the
realization of this technique differs in its algorithmic imple-
mentation. Some authors adopt concepts from model predic-
tive control (MPC) and recursive state and PE methods.
Those implementation schemes are also referred to as reced-
ing horizon ED (see Refs. 11, 14, and 15). However, the val-
idation has always involved ‘‘numerical experiments’’ and,
thus, some critical points relating to an online implementa-
tion, such as computational burden or robustness and conver-
gence issues have not been covered completely.

In this contribution for the first time, an algorithm for
online model-based redesign of experiments is assessed in a
real case study. The adopted algorithm is in line with the
implementation schemes presented by Refs. 11, 14, and 15.
However, for practical applicability, the efficient solution of
highly nonlinear and possibly ill-conditioned problems needs
to be guaranteed. On the latter point, the algorithm is
extended with a local parameter identifiability analysis. In
doing so, at each time instant the parameters are identified
which can be reliably estimated from the available measure-
ments. The consideration of these selected parameters then
produces well-conditioned PE and ED problems. The follow-
ing assumptions are made regarding the process:

• It is a stable dynamic process.
• Continuous measurement devices are used which pro-

vide sampled data at equal intervals.
• The process state variables are not restricted (e.g., safety

restrictions or product specifications are not considered).
The article is organized as follows: in section ‘‘Problem For-

mulation,’’ a brief review of the general formulation of PE and
ED problems is given. Additionally, we present an algorithm
for parameter subset selection (SsS) which is used for a local
parameter identifiability analysis and to guarantee well-condi-
tioned PE and ED problems. In section ‘‘Online Parameter
Estimation and Adaptive Redesign of Experiments,’’ the algo-
rithmic implementation of the framework is presented, which
comprises the discretization of the problem according to the
measurement sampling instants, measures for the reduction of
the computational effort, the identifiability analysis, and the
formulation of appropriate stopping criteria. A case study is
then described, a process model is presented and details of the
numerical solution of all problems are given. The experimental
results are then presented and discussed.

Problem Formulation

We consider systems of differential algebraic equations
(DAEs), taking into account that most of the arising dynamic
models in chemical engineering can be expressed as follows

d

dt
glhs xðtÞ; hð Þ
� �

¼ grhs xðtÞ; uðtÞ; h; tð Þ (1a)

0 ¼ h xðtÞ; h; tð Þ (1b)

where xðtÞ 2 RNx denotes the dependent state variables,

uðtÞ 2 RNu the time-varying input actions or ED variables,

h 2 RNp the unknown parameters, and t 2 ½t0; tf � � R the time

as independent variable. Initial conditions are given as

xðt0Þ ¼ x0. With the definition MðxðtÞ; hÞ ¼ @glhsðxðtÞ; hÞ=@x
and writing Eq. 1a as MðxðtÞ; hÞ � @x=@t ¼ grhs xðtÞ; uðtÞ; h; tð Þ,
it can be seen that Eq. 1 denote a set of linear implicit
differential and algebraic equations, respectively.

A vector of predicted response variables yðtÞ 2 RNy is
considered, whose elements are functions of the solution x*
(obtained from integration of Eq. 1); these functions are
defined through the constant matrix A 2 RNy�Nx

yðu; h; tÞ ¼ A � x�ðu; h; tÞ (2)

The continuous variables uðtÞ in Eq. 1 are transformed
into a finite dimensional vector of variables which for
sake of simplicity are referred to as u. Thus, the pre-
dicted responses in Eq. 2 are functions of the independ-
ent variables u, h, and t. Usually not all state variables
are sampled and collected during the experiment, and so
the dimension of the corresponding predicted responses
yðu; h; tÞ is also smaller than the dimension of the
state variables x�ðu; h; tÞ, the former being a subset of the
latter yðu; h; tÞ � x�ðu; h; tÞ and Ny � Nx. Additionally,

there exists a discrete set of time instances tk 2 RNm for
the collection of the predicted response variables yðu; h; tkÞ,
with

yðu; h; tkÞ ¼ y1ðu; h; tkÞ; y2ðu; h; tkÞ; � � � ; yNyðu; h; tkÞ
� �T

8tk 2 t1; � � � ; tNmf g ð3Þ

The model parameters h are estimated by solving the fol-
lowing unconstrained PE problem16

ĥ ¼ arg min
h

UML u; hð Þ (4)

where ĥ is an unbiased estimator of the true parameter values
and UML denotes the maximum likelihood (ML) criterion
whose definition reads

UMLðu; hÞ ¼ ðYðu; hÞ � YmÞT � R�1
y � ðYðu; hÞ � YmÞ (5)

In Eq. 5, Yðu; hÞ ¼ yðu; h; t1ÞT; � � � ; yðu; h; tNmÞT
h iT

2 RNy�Nm is the collection of response variables predicted for
all discrete times tk. The corresponding experimentally
obtained data are assembled in the measurement vector

Ym ¼ ymðt1ÞT; � � � ;
h

ymðtNmÞT�T 2 RNy�Nm, where ymðtkÞ ¼
½ym

1 ðtkÞ; ym
2 ðtkÞ; � � � ; ym

NyðtkÞ�
T 8tk 2 t1; � � � ; tNmf g. Finally, Ry

2 RNy�Nm�Ny�Nm is the covariance matrix from experimental
data.

The Cramér–Rao lower bound Rĥ 2 RNp�Np for the covar-

iance matrix of an estimator ĥ is obtained from the inverse

of the Fisher Information Matrix (FIM) F 2 RNp�Np 16

Rĥðu; ĥÞ 	 F�1ðu; ĥÞ ¼ Sðu; ĥÞT � R�1
y � Sðu; ĥÞ (6)

where the sensitivity matrix S ¼ @Y=@h 2 RNy�Nm�Np is
evaluated at u and ĥ.

Finally, with the aim of optimizing the information con-
tent of an experiment, the input actions u are adjusted by
solving the ED problem3

u�ðtÞ ¼ arg min
u

UEDðu; ĥÞ (7)

where u� is the optimal vector of input variables of the
experiment and UED is one of the following scalar criteria
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UED 2 fUA;UD;UEg which are applied to the parameter
covariance matrix Rĥ

UAðu; ĥÞ ¼ 1

Np
� tr Rĥðu; ĥÞ
� �

(8a)

UDðu; ĥÞ ¼ det Rĥðu; ĥÞ
� �� � 1

Np

(8b)

UEðu; ĥÞ ¼ max k Rĥðu; ĥÞ
� �� �

(8c)

Parameter SsS

Testing nonlinear parametric model structures for identifi-

ability and distinguishability are classical elements in model

identification.17,18 In this contribution, the determination of

parameters of a preselected model structure is considered.

However, errors in the structural form of the model might

exist, for example, resulting from certain assumptions and

simplifications. A local identifiability analysis is adopted to

determine the subset of the parameter space which can be

reliably estimated from the available measurements. Gener-

ally, all parameters with low or nonexisting sensitivities (col-

umns of S with values equal or near to zero), or linearly de-

pendent parameters (nearly identical columns of S or col-

umns which are linear combinations of others) are not

identifiable. Both cases reflect near indeterminacy in the pa-

rameter estimates, caused by having more parameters than

can be reliably estimated from available measurements.19

This situation is undesirable, because S is singular or

‘‘almost’’ singular from a numerical point of view leading to

ill-conditioned PE and ED problems. Thus, the motivation

for applying the parameter SsS is to fix ill-conditioned pa-

rameters at prior estimates and consider reduced-order and

well-conditioned PE and ED problems.
The identifiability analysis of parameters is performed

locally based on their corresponding assumed values. The
algorithm is based on the sensitivity matrix Sðu; ĥÞ. All cor-
responding criteria are adapted from the ill-conditioned pa-
rameter selection approach based on the analysis of the Hes-
sian matrix Hh ¼ ST � S, proposed in Refs. 19 and 20.
Related and alternative algorithms as well as applications
can be found, for example, in Refs. 19–24.

A rank-revealing factorization is done by the singular
value decomposition (SVD) of S 2 RNy�Nm�Np

S ¼ U � R � VT (9)

where U 2 RNy�Nm�Ny�Nm is a real or complex unitary matrix,
VT 2 RNp�Np conjugate transpose of V is a real or complex
unitary matrix, and R 2 RNy�Nm�Np is a rectangular diagonal
matrix with nonnegative real numbers on the diagonal. The
diagonal entries Ri;i are the singular values ri 	 0 of matrix S
such as r1 	 r2 	… 	 rNp. A criterion for the nearness to
singularity of S is the condition number jðSÞ, which is the ratio
of the largest to smallest singular values, see (Eq. 10)

jðSÞ ¼ r1

rNp

(10)

A ‘‘very high’’ condition number of S indicates an almost
singular sensitivity matrix. According to Ref. 23, an upper
bound jmax 
 1000 is defined and parameter identifiability

either of the original or a reduced problem is given when
jðSÞ � jmax holds. Additionally, the collinearity index cðSÞ
(see Eq. 11) is considered as singularity measurement.

cðSÞ ¼ 1

rNp

(11)

It measures the degree of near-linear dependence of the S
columns. cðSÞ equals one if the columns of S are orthogonal
and reaches infinity if the columns are linearly dependent. In
Ref. 21, an empirically found threshold of cmax 
 10� 15
has been named. Thus, if cðSÞ > cmax the corresponding pa-
rameter set is considered as poorly identifiable.

Algorithm for Parameter SsS. In the general algorithm for
SsS, the set dimension r of the parameter subset is obtained. The
set dimension r can be taken as rank of the sensitivity matrix
(quantity of linear independent columns of S). The parameter sub-

set hðrÞ consists of those parameters which are associated with the
highest singular values. All parameters associated with the small-

est remaining singular values hðNp�rÞ must be properly chosen
and fixed, because these parameters have the linear dependency
feature. All reduced problems will then only involve sensitivities
with respect to the r remaining or ‘‘active’’ parameters; we denote

these sensitivities by SðrÞ 2 RNy�Nm�r , and note that its columns

are just a subset of the columns of S, with SðrÞ � S.

Algorithm*: SsS—get ~r and Rearrange: h! ~h:

1. For the parameter set h, compute the SVD of SðhÞ, yield-

ing S ¼ U � R � VT, see (Eq. 9).
2. Evaluate singularity measurements

• Compute the condition number jðSÞ, see (Eq. 10) and
all subcondition numbers jj ¼ r1=rj, with j ¼ 1; � � � ;Np
for each rj available in diagonal matrix R found in the
above step.
• Calculate the collinearity index cðSÞ, see (Eq. 11) and all
subcollinearity indices cjðSÞ ¼ 1=rj, with j ¼ 1; � � � ;Np.
• If jðSÞ � jmax and cðSÞ � cmax the parameter set is
identifiable and the algorithm finishes, if not, go to the
next step.

3. Determine ~r, such that the maximum number of ~r singu-
lar values rj, with j ¼ 1; � � � ; ~r are found for which
jj � jmax and cj � cmax.
• Build the set C:

C ¼ frjjjj � jmax ^ cj � cmaxg (12)

• Determine ~r as the set dimension of C.
4. Determine a permutation matrix by constructing a QR

decomposition with column pivoting (QRP) for
S 2 RNy�Nm�Np.

S � P ¼ Q � R (13)

where Q 2 RNy�Nm�Ny�Nm is an orthogonal matrix,
R 2 RNy�Nm�Np is an upper triangular matrix with decreasing
diagonal elements and P 2 RNp�Np is a permutation matrix
which orders the columns of S according to linear independ-
ency, which means that the first columns of S � P are the
largest independent set of columns of S.
5. Use P to reorder the parameter vector h according to

~h ¼ PT � h.
6. Make the partition ~h ¼ ~hð~rÞT ; ~hðNp�~rÞT

h iT

with ~hð~rÞ con-

taining the first ~r elements of ~h.

*Note that the superscript ~fg is used to indicate the result of the SsS.
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7. Fix ~hðNp�~rÞ to a priori estimate hðNp�~rÞ.
8. Solve reduced-order PE or ED problem, considering ~hð~rÞ

only.

Online PE and Adaptive Redesign of
Experiments

The quality (information content) of an ED for PE depends
strongly on the accuracy of the assumed parameter values (ini-
tial parameter guess). For nonlinear models, uncertainties in
the initial parameter guess can lead to a suboptimal ED. To
tackle this, we adopt an adaptive online ED, where the proce-
dure iterates between local solutions of the ED and PE problem
for one or several samples. The result is the iterative refine-
ment of both the parameter estimates and the input actions.
This idea has been discussed recently and theoretical applica-
tions are reported.5,11,13–15 However, the reported algorithms
differ and some points related to an experimental implementa-
tion have not been addressed. A major challenge is certainly
the real-time solution of highly nonlinear and possibly ill-con-
ditioned problems. With regard to ill-conditioned problems,
we propose to merge the parameter identifiability analysis and
the adaptive method for ED and PE together. A detailed
description of the proposed algorithm is presented below and
special attention is given to the following points:

• Sampling and discretization of input actions

We consider continuous measurement devices. The sampling
is realized at equal intervals. Accordingly, there is neither a
motivation for a reduction of the number of measurements
(reduction of costs of an experiment) nor the need for an opti-
mal placement of individual sampling time points (seek for
most sensitive points). The sampling times are selected such
that the measured data reflects the dynamics of the system
and that the interval between measurements is long enough to
compute an update of the parameter estimates and planned
input actions. The input actions are discretized according to
the sampling points leading to a trajectory of input actions.

• Reduction of the computational effort using a re-

stricted time horizon and one step iterations

The computation of future optimal input actions means the solu-
tion of a possibly large and complex nonlinear programming
(NLP) problem (ED problem), particularly because of its sensi-
tivity-based objective. A well-known concept to reduce the
complexity of the ED problem and, thus, the computational
effort is the restriction of the considered future time horizon as
well as the number of input actions. In addition, the number of
NLP iteration steps performed at each sampling time can be
limited to one.25 These restrictions may lead to a suboptimal
ED and improvements of the solution algorithms to increase
computation speed are always preferable. Besides that, the com-
plexity of the ED problem is not affected by the consideration
of past experiments as the related information is included as
constant contribution in the problem formulation (see below).

• Parameter identifiability

Usually, the assumption is that all parameters to be deter-
mined are identifiable. Thus, it is assumed that well-condi-
tioned PE and ED problems are solved in any time instant.
This is not always true, especially at the beginning of an
experiment, where few measurements are available. There-
fore, a parameter SsS is performed to identify the parameter
which can be reliably estimated from the available measure-
ments at each time instant. The consideration of these
selected parameters then produces well-conditioned PE and
ED problems, which are robust and convergent.

• Stopping criteria

The typical objective of ED is to reduce the experiment du-
ration until a specified accuracy of the determined parame-
ters is reached. However, a different objective could be the
maximization of the number of model parameters which can
be identified with a specific experimental set-up.

Finite time horizon schemes

The implementation of the online PE and optimum ED is
based on the adaptation of known concepts from MPC (see,
e.g., Ref. 26). We consider a repeated update of current pa-
rameter estimates (solution of the PE problem) and planned
input actions (solution of the optimum ED problem). Limited
time horizons are defined and measurement data are assumed
to be taken at equally spaced sampling times. Moreover,
input actions are implemented as piece-wise constant trajec-
tories which match the time grid defined by the measurement
sampling times.

During an experiment run, for any sampling time instant
tk, a new measurement point ym

k ¼ ymðtkÞ is obtained. Con-
sidering all prior measurements at instants t1; � � � ; tk�1, the
actual measurement vector reads Ym

k ¼ ½ym
1 ; y

m
2 ; � � � ;

ym
k�1j ym

k �
T
. According to the growing number of elements in

the measurement vector with an ongoing experiment time,
the time horizon ½t0; tk� is referred to here as increasing hori-
zon. In Figure 1, a discretization grid with elements of
length Dt ¼ ðtk � tk�1Þ is shown which meets the measure-
ment sampling instants tk. In every instant tk, all past meas-
urements Ym

k are used to update the current parameter esti-
mate hk. This is done by fitting the vector of simulated
response variables Y�k ¼ ½y1jk; y2jk; � � � ; ykjk�T† to the measure-
ment vector Ym

k (solution of problem Eq. 14). The simulated
response variables Y�k are obtained from the solution of Eq.
1 for t ¼ ½t0; tk� and taking into account the discrete input
actions in all past intervals within the increasing horizon
U�k ¼ ½u0jk; u1jk; � � � ; uk�1jk�T as well as the initial states
x0 ¼ xðt0Þ.

In the same way, for any sampling instant tk, a prediction
or receding horizon ½tkþ1; tkþh� is considered, where the pre-
dicted outputs Yþk ¼ ½ykþ2jk; ykþ3jk; � � � ; ykþhjk�T are obtained
from the solution of Eq. 1 for t ¼ ½tkþ1; tkþh� and taking into
account the future discrete input actions Uþk ¼ ½ukþ1jk;
ukþ2jk; � � � ; ukþh�1jk�T and the initial states x0 ¼ xðtkþ1Þ. All
future input actions Uþk are updated for each tk by the

Figure 1. Discretization grids and time horizons used
in the online algorithm.

†The notation yijj indicates the values of the predicted variable vector at sam-
pling instant i which is calculated at instant j.
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solution of an ED problem and based on the current parame-
ter estimate.

According to the iterative implementation strategy, the
estimation of the parameters as well as the generation of
new input actions are repeated at each time instant tk. Thus,
all corresponding computations have to be finished within
one sampling interval Dt. In Figure 1, this sampling interval
is denoted as implementation time. It has to be noted that
during the implementation time, the corresponding input
actions ukjk are implemented so these are not considered in
the ED problem formulation (update of the future input
actions in the time horizon ½tkþ1; tkþh�). Moreover, the pre-
dicted output ykþ1jk is not considered in the PE problem
(update of the current parameter estimate using measurement
from the time horizon ½t0; tk�). However, initial states
x0 ¼ xðtkþ1Þ are needed for the definition of the ED problem.
The initial states xðtkþ1Þ are obtained from a simulation step,
solving (Eq. 1) for t ¼ ½tk; tkþ1� with ukjk, ĥk and x0 ¼ xðtkÞ.
Discrete formulation of the PE and ED problem

In the adaptive online ED for PE at each sampling instant
tk, a PE as well as ED problem is solved to improve the cur-
rent parameter estimate ĥk and update the planned input
actions Uþk , respectively. The discrete formulation of the PE
problem in Eqs. 4 and 5 reads

ĥk ¼ arg min
hk

UML
k ðU�k ; hkÞ (14)

with UML
k ¼ Y�k ðU�k ; hkÞ � Ym

k

� �T�R�1
y;k � Y�k ðU�k ; hkÞ � Ym

k

� �
where Y�k 2 RNy�k is the vector of past outputs and Ym

k and Ry;k

are the measurement vector and the covariance matrix of the
experimental errors, respectively. Moreover, ĥk 2 RNp is the
parameter estimate at the kth time instant and U�k 2 RNu�k are
the input actions which have been implemented in all past
intervals. The discrete formulation of the ED problem in Eqs.
7 and 8 reads

Uþ�k ¼ arg min
Uþ

k

UED
k ðUþk ; ukjk;U

�
k ; ĥkÞ (15)

with UED
k 2 fUA;UD;UEg

where Uþ�k 2 RNu�ðh�1Þ is the optimal input vector at the kth
time instant, UED

k is one of the criteria described in Eq. 8
evaluated in the kth time instant, and ĥk is the parameter
estimate at time instant k. The calculation of the FIM Fk for
the approximation of Rĥk

(Eq. 6) is calculated as

FkðUþk ; ukjk;U
�
k ; ĥkÞ ¼ Fþk ðUþk ; ĥkÞ þ Fkjkðukjk; ĥkÞ þ F�k ðU�k ; ĥkÞ

(16)

where the first term Fþk is a nonconstant contribution in Eq. 15
which depends on the future input actions Uþk and the second
and third term Fkjk and F�k are constant contributions which
depend on currently implemented and past input actions,
respectively. Anyhow, all contributions have to be updated for
the current parameter estimate ĥk.

Algorithm

In Figure 2, the algorithmic implementation for the online
redesign of experiments for parameter determination is pre-
sented. The iteration counter k represents the kth time or

sampling instant. Initialization: before the start of an experi-

ment, an initial parameter vector estimate hk¼0 2 RNp, as
well as an initial ED has to be chosen. The latter is defined
by the following variables: the length of the receding time
horizon h, an initial trajectory of input actions

Uþk¼0 ¼ ½u1j0; u2j0; � � � ; uh�1j0�T 2 RNu�ðh�1Þ for the receding

horizon, and finally, a first input action u0j0 2 RNu. Start

experiment: the first input actions u0j0 2 RNu are imple-

mented. Get measurement: for every instant tk, the actual
measurement ym

k is used to update the current measurement

vector Ym
k ¼ ½ym

1 ; y
m
2 ; � � � ; ym

k�1jym
k �

T 2 RNy�k. Implement next

action: the input actions ukjk�1 2 RNu are implemented.

They are active for the current implementation time
t ¼ ½tk; tkþ1�. Note that the values of ukjk�1 have been calcu-

lated during the last implementation time t ¼ ½tk�1; tk�. Do

parameter SsS: based on the last parameter estimate

hk�1 2 RNp, the vector of simulated response variables

Y�k ðU�k ; hk�1Þ 2 RNy�k as well as the corresponding sensitiv-

ity matrix S�k jh¼hk�1
2 RNy�k�Np are generated. Thereafter, a

parameter SsS is carried out, see section ‘‘Parameter Subset
Selection (SsS).’’ The result is a new ordered vector of pa-

rameter estimates ~hk ¼ ½~hð~rkÞT
k ; ~hðNp�~rkÞT

k �T, where the ~rk first

elements of ~hk 2 RNp construct the identifiable parameter
subset at instant tk, being the so-called active parameters

~hð~rkÞ
k 2 R~rk . All remaining parameters ~hðNp�~rkÞ

k 2 RNp�~rk are

not identifiable and, thus, considered as constant variables.
Exists an identifiable parameter subset?: yes: new param-
eter estimates as well as an update of the input actions are
calculated (solution of the PE and ED problem), if parameter
identifiability is given for at least a subset of the parameter
space (~rk > 0). No: if the dimension of the active parameter
subset equals zero ð~rk ¼ 0Þ, the current loop is suspended
and the algorithm waits until the next instant t ¼ tkþ1. The
parameter estimates remain unchanged and the input actions
are taken from prior solutions of the ED problem. Are addi-

tional input actions available?: yes: Go to the next loop
with k ¼ k þ 1. No: if the condition ~rk > 0 is not fulfilled
repeatedly, there might be no more input actions available.
This happens when all h� 1 prior actions defined over the
receding horizon have been implemented but no new actions
have been computed. The experiment has to be stopped
unsuccessfully. This problem would most likely occur
directly after the start of an experiment. To avoid this, the
initial ED might be computed off-line and its suitability
should be verified by an parameter identifiability analysis.
Solve the PE problem for the identifiable parameter sub-

set: the values of the identifiable parameters ~hð~rkÞ
k are

updated to ~̂h
ð~rkÞ
k by fitting the simulated response variables

Y�k to the corresponding measured variables Ym
k for all sam-

pling instants t1; � � � ; tk, see Eq. 14. The nonidentifiable pa-

rameters hðNp�~rkÞT
k are held constant. Stopping criterion sat-

isfied?: there exist several possible criteria to decide if the
experiment can be stopped or needs to be continued. A pos-
sible criterion might be the accuracy of the active parameter
subset, which can be evaluated using an ED criterion (see
Eq. 8). However, the quality of the fitting as well as the
number of identifiable parameters might be of interest as
well. The selection of the stopping criterion certainly
depends on the specific process model and its use. Yes: the
experiment can be stopped. No: the experiment needs to be
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continued. Solve the ED problem for the identifiable pa-

rameter subset: the future input actions Uþk 2 RNu�ðh�1Þ are

updated by solving an ED problem whose definition is based
on the analysis of the different contributions to the FIM Fk

in the past (½t0; tk�), the current (½tk; tkþ1�), and the future
time horizon (½tkþ1; tkþh�), see also Eqs. 16 and 15. Note that

the first computed input actions u�kþ1jk of Uþ�k will be imple-

mented in the next iteration (k ¼ k þ 1) as ukjk�1. Finally,

the iteration counter k moves to the next time instant,
k ¼ k þ 1.

All computations have to be finished within the implemen-
tation time Dt ¼ tkþ1 � tk, see Figure 1. Most demanding are
certainly the nonlinear optimization problems, which require
several iterations until a prespecified convergence criterion is
satisfied. To avoid this, we take over the idea of a reduction
of the calculation time by performing just one iteration per
instant k and initializing the PE and ED problem by their re-
spective prior solution.25 This approach has been applied
because the sampling instants are frequent compared to the

dynamics of the system used in this case study. Thus, con-
secutive problems and their solution do not differ much.
Given these small differences in the solution of consecutive
optimization problems, the results obtained after only one
iteration are sufficiently close to the optimal solutions. For
the same reasons, we assume that the identifiable parameter
subset does not change after the update of the parameter val-
ues (solution of the PE problem). Thus, the same identifiable
parameter subset is used in the PE and ED problem.

Case Study

Chromatography is an important general-purpose separation
process. Most applications are reported from pharmaceutical
industry for the separation of fine chemicals at the preparative
scale, for example, enantiomers, proteins, and peptides.27 The
hardware used in liquid chromatography typically has the
capability for feedback control, including the pumps, the mix-
ing of concentration gradients, and online concentration analy-
sis. Recently, the model-based optimization, monitoring, and

Figure 2. Algorithm for the online redesign of experiments for parameter determination.
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control of chromatography processes has gained the attention,
especially the simulated moving bed process, see for example,
Refs. 28 and 29. Central to the modeling of these processes
are the thermodynamics of the phase equilibrium as well as
dispersion and mass-transfer phenomena. The determination
of the corresponding parameters are the subject of this case
study.

Experiments

Experimental Set-Up. The laboratory scale high-perform-
ance liquid chromatography (HPLC) system is built up of a
Smartline Manager 5050 with low-pressure gradient module
operated in combination with a Smartline Pump 1050 (both
from Knauer GmbH, Berlin, Germany). The pump heads are
made from stainless steel and designed for a maximum flow
of 10 mL/min. The system is used to deliver gradient mix-
tures from two different feeds and is equipped with a serial
interface RS-232 for external communication. The separation
column is a Kronlab Laboratory Scale Glass Column
ECO10/120V0V (YMC Europe GmbH, Dinslaken, Germany)
with an internal diameter of 10 mm, a maximal column
length of 120 mm, with two adjustable plungers, and a frit
porosity of 10 lm.

A continuous measurement of the liquid protein concen-
trations at the column outlet is realized using the Smartline
ultraviolet (UV) Detector 2500 equipped with a deuterium
lamp (Knauer GmbH, Berlin, Germany). The sensor is
operated at a wavelength of 280 nm, which has been
shown to give sound results.30–33 The analog output signal
is scaled to a maximum value of 2 AU and is used for data
processing in the ABB Freelance Controller AC 700F using
the Analog Input/Output Module AX 722F (ABB, Zurich,
Switzerland). The errors of the output signal are assumed
to be Gaussian and uncorrelated with a standard deviation
r ¼ 0:05 AU.

All numerical computations are implemented in the pro-
gramming environment Matlab 2011b (MathWorks, Natick,
MA). Communication between Freelance controller and Mat-
lab software is established using an Open Process Control
software interface. The Matlab Instrument Control Toolbox
is used for communication with the Smartline Manager and
the Pump over serial interface RS-232.

Materials. The column is packed with the strong anion
exchanger, Source 30Q, product of GE-Healthcare (Munich,
Germany, product code: 17-1275-01). The length of the
packed adsorbent bed is 11.2 cm, its diameter 1.0 cm, and the
resulting total volume 8.80 mL. It is composed of rigid,
monodispersed, spherical resin particles with a diameter of 30
lm. For the pore diameter, values of �10–150 nm were

found34 and for the intraparticular porosity a value of
eint ¼ 0:589.33 The value for the total porosity etot ¼ 0:76 was
determined by pulse experiments under nonbinding conditions
(see Refs. 30–32 for detailed information). The obtained value
shows good agreement with the value of etot ¼ 0:74 published
in Ref. 30. The external or interstitial porosity eext ¼ 0:4 is
then obtained from the volume balance, with
eext ¼ ðetot � eintÞ=ð1� eintÞ. The columns total ionic resin
capacity K ¼ 706 mM (mM ¼ mmol Cl�/L solid phase) was
measured by saturating the column with NaNO3 following the
procedure in Refs. 30 and 31. The protein bovine serum albu-
min (BSA) was purchased from Sigma-Aldrich Chemie
GmbH (Taufkirchen, Germany) as pure lyophilized powder
(product code: A7960) with a purity 	98%.

The eluent was prepared in 20 mM (mmol/l) bis-tris-
propan buffer at a pH ¼ 7.0. The Cl�-ion concentration of
the solvent has been implemented by adding at first a fixed
amount of 5M HCl. It should be noted that the pH is then
below 7 (pH ¼ 6). Subsequently, an additional amount of
NaCl is added to reach the desired total salt (Cl�) ion con-
centration. The pH was adjusted adding 5M NaOH and the
desired eluent is then obtained. This procedure was previ-
ously used and validated.30,34,35 It should be noted that the
stated ion concentration refers always to the total Cl�-ions
in the eluent.

Operating Conditions. All experiments were carried out
at constant temperature of 23�C and a feed flow rate of 2
mL/min with an eluent pH value of 7 with a chloride con-
centration (CL�) of 120 mM and variable feed concentra-
tions of BSA varying from 0 to 0.2 mM.

Process model

In this case study, the ED is defined by the protein con-
centration of the eluent stream which is given into the col-
umn. Figure 3 shows the flow diagram and instrumentation.
A protein feed concentration cEDðtÞ is computed online (per-
sonal computer) and is realized by the process control sys-
tem and the ratio controller (manager) which brings the liq-
uid from the two different feeds (feed 1 and 2) together.
Before the feed mixture cinðtÞ enters the chromatography
column, it passes a static mixer which is part of the pump.
The liquid protein concentration at the column outlet cmðtÞ is
measured by a UV sensor which outputs a signal sUVðtÞ
which is then processed by the personal computer. The pro-
cess model comprises the manager and the pump, the chro-
matography column, and the UV sensor. The equations of
each of these process units are given in Appendix A. The
connection of the units by streams and the respective varia-
bles are shown in Figure 4.

Figure 3. Flow diagram and instrumentation.
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Formulation of the online PE and ED problem

The PE problem is defined for the determination of the
chromatography column parameters, namely the axial disper-
sion coefficient Dax, the mass-transfer parameter b, and the
adsorption parameters a; b, as well as the calibration curve
parameters m0;m1;m2. Parameters for the dynamic behavior
of the manager and pump are not part of the PE problem.
The dynamics of the manager and pump do not change for
specific components processed by the chromatography sys-
tem and, thus, the corresponding parameters have been deter-
mined independently in prior experiments.

According to the definitions in sections ‘‘Problem Formu-
lation’’ and ‘‘Online Parameter Estimation and Adaptive
Redesign of Experiments,’’ the parameters hk, the input
actions ujjk, and measured states ym

k are defined as

hk 
 ½Dax;b; a; b;m0;m1;m2�T
� �

k
(17)

ujjk 
 cED
� �

jjk ; with 0:0 mM � ujjk � 0:2 mM

ym
k 
 sUV

� �
k

The initial parameter guess hk¼0 is defined as shown in
Table 1. Measurements ym

k ¼ ymðtkÞ are taken at equally
spaced sampling times tk, with tk � tk�1 ¼ 15 s. The reced-
ing time horizon including the time for implementation is
tkþh � tk ¼ 10 min. The PE and ED problems are both
solved at every instant tk to update the parameter values hk

and future input actions Uþk (see section ‘‘Algorithm’’). In
the ED problem, all input actions have been held constant
for more than one sampling time (four times for 1 min and
once for 5 min), such that

ukþ1jk ¼ ukþ2jk ¼ � � � ¼ ukþ4jk (18)

ukþ5jk ¼ ukþ6jk ¼ � � � ¼ ukþ8jk

ukþ9jk ¼ ukþ10jk ¼ � � � ¼ ukþ12jk

ukþ13jk ¼ ukþ14jk ¼ � � � ¼ ukþ16jk

ukþ17jk ¼ ukþ18jk ¼ � � � ¼ ukþ20jk

ukþ21jk ¼ ukþ39jk ¼ � � � ¼ ukþ40jk

The specific discretization of the receding horizon ED
problem is depicted in Figure 5. Finally, the overall experi-
ment time has been set to tf ¼ 1 h.

Numerical solution

The process model described in Appendix A is given as
nonlinear partial DAE system. The dynamic PE and ED

problems are solved by single shooting. For this, the partial
DAE system is discretized in space first and the resulting
differential algebraic equation system is then integrated
using an initial value solver. For an efficient solution, exact
first and second-order gradients are generated.

Solution of the Dynamic Process Model. Eq. A2 is effi-
ciently discretized in axially (z) direction by the Galerkin fi-
nite element method together with second-order polyno-
mials.36 The result is an implicitly defined differential equa-
tion system which has to be solved for each discrete point
simultaneously with (Eqs. A4 and A5). The solution of the
PE problem (Eq. 4) demands numerous simulations with dif-
ferent parameter values. Thus, a stable numerical solution is
crucial without oscillations even for relatively sharp concen-
tration profiles in time and space. For the axial discretization
of Eq. A2, the number of discrete elements is set to
Nde ¼ 35. Together with the 12 linear differential equations
of the manager and pump model and the nonlinear algebraic
equation for the sensor calibration, the total number of equa-
tions is then Neq ¼ ðNde � 2þ 1Þ � 2þ 12þ 1 ¼ 155.

The linear implicit DAE system of the type shown in Eq.
1 is numerically solved using the initial value solver sDACl,
a sparse DAE solver based on the orthogonal collocation on
finite elements method.37,38 The integration is performed
using an orthogonal collocation discretization along with the
element-wise solution of the discretized nonlinear equation
systems. First- and second-order sensitivities can be gener-
ated which are exact for the approximate system solution
calculated by sDACl.

Use of First and Mixed Second-Order Sensitivities. The
analysis of the parameter accuracy (Eq. 6) as well as the for-
mulation of the objective function in problem (Eq. 7) relies
on the accurate determination of the sensitivity matrix Sðu; hÞ.
Moreover, gradient-based optimization methods are applied
for the efficient solution of the PE and ED problem. The per-
formance of these methods depends heavily on the accuracy
of the derivative information of the problem functions, here
the objective functions in Eqs. 4 and 7. We provide exact
first-order derivatives. Algorithms for the solution of nonlinear
PE problems accept residual vectors for the problem definition
and the corresponding first-order derivatives are defined by
the matrix Sðu; hÞ. In contrast, the ED problem (Eq. 7) is
defined by a scalar valued objective function UEDðu; hÞ and
first-order derivatives are defined as @UEDðu; hÞ=@u. As the
evaluation of UEDðu; hÞ is based on Sðu; hÞ (see (Eqs: 6–8),
second-order derivative information is needed to generate the
first-order problem derivatives @UEDðu; hÞ=@u. Strictly speak-
ing, mixed second-order derivatives Hu;h 2 RNy�Nm�Np�Nu (see
Eq. 19) have to be generated

Hu;hðu; hÞ ¼
@Sðu; hÞ
@u

¼ @
2ŷðu; hÞ
@u@h

(19)

Figure 4. Units of the process model and connecting variables.

For detailed information see Appendix A.

Table 1. Initial Parameter Guess hk50 for all Conducted Experiments

Variable Dax (cm2/min) b (cm/min) a (�) b (�) m0 (�) m1 (�) m2 (�)

Value 0.020 1.0E-6 0.0 1.0 �0.9 0.8 0.02
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For a detailed description of the computation of
qUED(u,h)/qu for the design criteria in Eq. 8 using S and
Hu,h, the interested reader is referred to Appendix B.

Computation. All computations were carried out on a 32-
bit Linux platform with an Intel(R) Core(TM)2 (CPU 6600 @
2.40-GHz) computer with 4-GB RAM. Parallel programming
was not used. The Cþþ implementation of the integrator
sDACl38 was interfaced with Matlab using mex functions.
The PE and ED problems were solved using Matlab’s Optimi-
zation Toolbox solvers lsqnonlin/ trust-region-reflective and
fmincon/sqp, respectively. To limit the computational effort,
the number of maximum iterations of both solvers was re-
stricted to one. The solvers were restarted at each new sam-
pling time point tk and the results from the last solver call
were used to define the initial values of the PE and ED prob-
lem. This repeated one-step solution approach was verified by
off-line computations at different time points of the experi-
ment run. They showed that the solutions of the PE and ED
problem obtained from a solver call with no limit on the num-
ber of maximum iterations are very close to the solutions cal-
culated repeatedly online. This is because in the online solu-
tion the problems of adjacent sampling intervals do not differ
much and the repeated one-step solution approach refines
prior solutions rather than recalculating them (see also Ref.
25). Computation times for one system integration and sensi-
tivity generation were �1.3 s, which was sufficient for the so-
lution of the PE, ED, and SsS problem within the implemen-
tation time Dt ¼ tkþ1 � tk ¼ 15s.

Experimental Results

A total number of six experiments (E1, …, E6) were car-
ried out, they differ in the way the ED is calculated. In con-
trast to the algorithm depicted in Figure 2, no specific termi-
nation criterion was used. Instead, for all experiments, the
total experiment duration was set to tf ¼ 60 min.

The first experiment E1, see Figure 6, was conducted to
verify the online implementation of the SsS and PE algorithm,
the ED problem was not solved. In Figure 6, the first plot
(counted from above) shows the fitting of the measured signal

from the UV sensor sUV: the predicted output variables ykjf
(continuous line) and the measured variables ym

k (circles), for

all time instants k ¼ 1; 2; � � � ; f and tf ¼ 60 min. The second

plot shows the ED design variables cED which were generated
by an uniform sampling. Depicted are the realized discrete
input actions ukjk�1, with k ¼ 0; 1; � � � ; f � 1. Note that,

according to the definitions in (Eq. 18), these actions were
held piece-wise constant for 1 min. The third plot shows the

estimated parameter values hi;k, with i ¼ 1; 2; � � � ;Np and

k ¼ 0; 1; � � � ; f . The fourth plot shows the subset dimension rk

with k ¼ 0; 1; � � � ; f which is the number of active parameters
used in the PE and ED problems and the fifth plot shows
when the individual parameters were active. The sixth shows
the average residual of the PE problem calculated as weighted

L1 norm 1=k �
Pk

i¼1 abs ðym
i � yijf Þ.

In Figure 6, it can be seen that the response of the meas-
ured variable ym

k to changes in the planned input ukjk�1 is
dominated by a relative large dead time of around
Dk ¼ 20ðDt ¼ 5 minÞ. However, after the first
k ¼ 20ðtk ¼ 5 minÞ experiment run, the first two parameters
h2; h5 and after k ¼ 40ðtk ¼ 10 minÞ already four parameters
h2; h3; h5; h6 are identifiable and, thus, selected for PE.
Although the number of these active parameters does not
change until the end of the experiment
k ¼ f ¼ 240ðtf ¼ 60 minÞ, their state (active/ non-active)
does change, see h5 and h7, approximately around
k 
 60ðtk 
 15 minÞ. At this time, most parameter values do
change significantly (see third plot in Figure 6) to minimize
the residual from the PE problem (see sixth plot in Figure 6).

Results for D- and E-optimal experiments (Experiment E3
and E4, respectively) are shown in Figures 7 and 8, where
the SsS, PE, and ED problem are solved online. In both fig-
ures, the seventh plot (counted from above) shows the value
of the ED criterion UED

k with k ¼ 1; 2; � � � ; f . It can be seen
that for both design criteria the input actions ukjk�1 adopt
their external values and pulses of different length are
formed. There are rk ¼ 6 active parameters in E3, compared
with rk ¼ 5 in E4. Additionally, at instant k ¼ 140

Figure 5. Discretization of the receding horizon ED
problem.

Figure 6. Experiment E1: ED by uniform sampling (an
ED problem was not solved).
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(tk ¼ 35 min), there are only rk ¼ 3 active parameters in E4,
whereas in E3, we find rk ¼ 6. Moreover, especially between
k ¼ 60 and k ¼ 160, there are large differences in the esti-
mated parameter values between the two experiments. The
reason for these large differences is certainly the limited num-
ber of active parameters, rk ¼ 3, in the PE problem of E4.
Accordingly, the fitting is poor (see the residuals between
k ¼ 60 and k ¼ 160 in the sixth plot in Figure 8). The rk ¼ 3
active parameters are used to compensate all other
Np� rk ¼ 4 nonactive and imprecisely estimated parameters.
The different parameter values in E3 and E4 also lead to dif-
ferent solutions of the online ED problem which then causes a
different process behavior (compare the first and second plot
in Figures 7 and 8 between k ¼ 60 and k ¼ 200).

The final results at k ¼ f ¼ 240ðtf ¼ 60 minÞ of all six
experiments (E1, …, E6) are summarized in Table 2. The
ED in E1 was generated by an uniform sampling of the deci-
sion variables ukjk�1 (an ED problem was not solved). E2,
E3, and E4 were carried out with an online solution of the
ED problem using A, D, and E-optimality criteria. In E2,
E3, and E4, the initial ED variables Uþk¼0 (see the algorithm
in Figure 2) were defined using the ED variables of E1. E5
and E6 were carried out to study the influence of the initial
ED variables Uþk¼0 on the final result. To do so, the A-opti-
mal experiment E2 was repeated twice (E5, E6). This means
E2, E3, and E4 were initialized with the same Uþk¼0, whereas

E2, E5, and E6 were initialized with different Uþk¼0 gener-
ated by an uniform sampling.

The algorithm worked robustly for all adopted ED criteria
with no convergence problems during optimization. In terms
of the residual of the PE problem, the worst results are
obtained for E2, where a limited degree of freedom of
rk ¼ 4 active (identifiable) parameters is used to fit the
model prediction to the measured signal from the UV sensor
ym

k which represents an A-optimal ED. In contrast, in E1
where the same rk ¼ 4 parameters are active, the residual is
much smaller. Moreover, due to the nonoptimal ED in E1,
the excitations in the measurement ym

k are less significant
(less steep concentration profiles), and thus, easier to fit
(compare also first plot in Figure 6 and first plots in Figures
7 and 8). In Table 2, the estimated parameters and their re-
spective standard deviations are given (standard deviations
are depicted in brackets and calculated from the diagonal
elements of the parameter covariance matrix Rh). In terms of
the accuracy of the estimated parameters, E2 (with the mini-
mum number of active parameters) gives the best results of
all conducted experiments and independent of the adopted
ED criterion. In terms of the number of active (identifiable)
parameters, E3 and E5 are most successful, with rf ¼ 6.
However, those experiments with a small number of active
parameters are generally better conditioned. This can be seen
from the condition numbers jðSðrf Þ

f Þ and collinearity indexes
cðSðrf Þ

f Þ in experiments E2 ( rf ¼ 4), E6 ( rf ¼ 5), and E5

Figure 7. Experiment E3: D-optimal design.

Figure 8. Experiment E4: E-optimal design.
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(rf ¼ 6) which have been generated using the same ED crite-
rion. However, the adopted ED criterion also influences on
the values of jðSðrf Þ

f Þ and cðSðrf Þ
f Þ (compare E4 and E6 as

well as E3 and E5) as well as the number of active parame-
ters rk. It can be seen that different numbers of active pa-
rameters result for all experiments. From the experimental
results, it cannot be concluded if a certain ED criterion is
better suited to maximize the number of active parameters.
However, for the repeated A-optimal experiments E2, E5,
and E6 which have been started using different initial ED
variables Uþk¼0, different numbers of active parameters are
found with rf ¼ 4; 6, and 5. This is a clear indication of a
low robustness of the algorithm with respect to the number
of active (identifiable) parameters. From the analysis of the
different experiments, it becomes clear that the planned
experiments and, thus, also the selection of active parameters
are strongly affected by general uncertainties and errors: in
the initial parameter guess hk¼0, the measurement ym

k , and
the implementation of the planned input actions ukjf .

Summary and Conclusions

A methodology for the online redesign of experiments has
been presented and experimentally tested by application to a
chromatography column system. The potential of the ED tech-
niques for an improved reliability of the estimated parameters
has been widely accepted. In this contribution, special focus is
placed on the development of an framework for the online so-
lution of the PE and ED tasks, which are discretized according
to the sampling of the measurement data. The result is a
repeated step-wise solution of the PE and ED problem, where
the current parameter estimate and the planned input actions
are updated at every sampling instant. The discrete formula-
tion of the PE problem and especially the ED problem leads to
complex NLP problems which have to be solved in a restricted
time defined by the sampling instants. Thus, good robustness
and convergence properties as well as a limited computational
cost for solving these NLP problems are mandatory. To
achieve these goals, various issues were addressed. At every
sampling instant, a local parameter identifiability analysis is
performed. Subsequently, ill-conditioned parameters are fixed
at prior estimates and reduced-order and well-conditioned PE
and ED problems are defined. These dynamic problems are
then efficiently solved by single shooting and using the initial
value solver sDACl which solves the dynamic model equa-
tions and generates first and second-order sensitivities. Based
on this information, the PE and ED problem functions as well
as their exact first-order derivatives are computed and efficient
iterative gradient-based optimization algorithms are applied.
At each sampling instant, one single iteration can be per-
formed. Finally, the complexity of the ED problem is further
reduced by the consideration of a receding time horizon strat-
egy, where only a part of all future input actions is optimized.

It has been verified in several experiments with different
ED criteria that the algorithm performs well; during an
experiment run, the identifiable parameters are selected and
set active, their values are estimated and the ED is adapted
to maximize the information in the measured response varia-
bles with respect to these active parameters.

However, it has also turned out that the algorithm is not ro-
bust regarding the number of parameters which can be identi-
fied after a certain experiment time. From the comparison of
those experiments which were conducted with the same ED
criterion, it can be seen that the number of identified
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parameters is very sensitive to uncertainties. These uncertain-
ties are mainly represented by: measurement errors which are
especially critical in the early PE using small numbers of ex-
perimental data, errors in the realization of an optimal planned
ED, structural errors in the model, and finally, errors in the ini-
tial parameter guess. These uncertainties affect the estimated
parameter values during an experiment run and, thus, the local
identifiability analysis. The applied standard A-, D-, and E-cri-
teria are aimed at maximizing the information content in the
ED with respect to the selected active (identifiable) parameters
only. Accordingly, the accuracy of selected active parameters
is improved in every time instant, while nonactive parameters
are neglected. These nonactive parameters become then active
only by chance. This is the reason for the lack of robustness
with respect to the number of parameters which can be identi-
fied after a certain experiment time. This situation is certainly
not desirable, as the online redesign of experiments for param-
eter determination should provide accurate estimates for as
many model parameters as possible in the shortest time. It can
be concluded that the ED problem formulation in the pre-
sented algorithm should be adapted for the consideration of
both identifiable and nonidentifiable parameters and addition-
ally, a suitable regularization method should be applied to
accurately solve this problem.
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Notation

Latin Letters

a ¼ Langmuir coefficient, –
A ¼ matrix of measurement equation
b ¼ Langmuir coefficient, –
c ¼ liquid fluid concentration of manager and pump, UV

sensor, mM
cfl=cp ¼ liquid fluid/ pore concentration, mM

C ¼ quadratic matrix
dP ¼ particle diameter, cm

Dax ¼ dispersion coefficient, cm2/min
F ¼ Fisher Information Matrix

glhs=grhs ¼ vector of left/right hand side functions of the
differential equations

h ¼ vector of functions of the algebraic equations
H ¼ Hessian
I ¼ identity matrix

K ¼ permutation matrix
lc ¼ column bed length, cm
m ¼ vector of calibration parameters
M ¼ mass matrix of the differential equation system

Msc ¼ scaling matrix
P ¼ permutation matrix
q ¼ adsorbent concentration, mM
Q ¼ orthogonal matrix
r ¼ set dimension
R ¼ upper triangular matrix

rP ¼ particle radius, cm
S ¼ sensitivity matrix

sUV ¼ UV signal, AU
t ¼ time, min

TOL ¼ tolerance value
u ¼ velocity of moving liquid, mL/min

u;U ¼ vector of input actions

U ¼ unitary matrix
v ¼ eigenvector
V ¼ unitary matrix
x ¼ vector of state variables

y; Y ¼ vector of predicted/measured response variables
z ¼ axial column coordinate, cm

Greek letters

b ¼ lumped mass-transfer coefficient, cm/min
c ¼ collinearity index
C ¼ active set
D ¼ difference

eint=eext=etot ¼ internal/external/total porosity,–
h ¼ vector of parameters
j ¼ condition number
k ¼ eigenvalue
K ¼ ionic resin capacity, mM
r ¼ standard deviation
R ¼ covariance matrix
R ¼ diagonal matrix containing singular values
s ¼ time constant
U ¼ objective function

Additional Indices and Subscripts

fgf ¼ final element/ time instant
fgh ¼ horizon length

fgi; fgj; fgk ¼ indices
fgu ¼ related to input actions
fgy ¼ related to measured variables
fgh ¼ related to parameters
fg0 ¼ initial

Additional Superscripts

fgA; fgD; fgE ¼ different experiment design criteria
fgED ¼ experiment design
fgin ¼ inlet
fgm ¼ measurement
fgmax ¼ maximum value
fgML ¼ maximum likelihood
fg� ¼ solution
fg� ¼ refers to past intervals/ time instants
fgþ ¼ refers to future intervals/ time instants
f̂g ¼ estimator
�fg ¼ normalized
~fg ¼ update

Value Symbols

Nde ¼ number of discrete elements
Neq ¼ number of equations
Nm ¼ number of measurement time instances
Np ¼ dimension of the parameter vector
Nu ¼ dimension of vector of input actions
Nt ¼ number of linear dynamic systems
Nx ¼ dimension of state vector
Ny ¼ dimension of vector of predicted response variables

Abreviations

AU ¼ Arbitrary Units
DAE ¼ Differential Algebraic Equations

ED ¼ Experiment Design
ETDM ¼ Equilibrium Transport Dispersive Model

FIM ¼ Fisher Information Matrix
HPLC ¼ High Performance Liquid Chromatography

ML ¼ Maximum Likelihood
mM ¼ milli Molarity (millimoles per liter)

MPC ¼ Model Predictive Control
NLP ¼ Nonlinear Programming

PE ¼ Parameter Estimation
QRP ¼ QR decomposition with column Pivoting

sDACl ¼ sparse Differential Algebraic equation solver based on
orthogonal Collocation on finite elements

SMB ¼ Simulated Moving Bed
SsS ¼ Subset Selection

SVD ¼ Singular Value Decomposition
UV ¼ Ultraviolet
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for nonlinear optimum experimental design in DAE systems. In: Keil
F, Mackens W, Vo H, Werther J, editors. Scientific Computing in
Chemical Engineering II: Simulation, Image Processing, Optimiza-
tion, and Control. Berlin: Springer, 1999;338–345.

11. Stigter JD, Vries D, Keesman KJ. On adaptive optimal input design:
a bioreactor case study. AIChE J. 2006;52(9):3290–3296.

12. Körkel S, Arellano-Garcia H. Online experimental design for model
validation. In: de Brito Alves RM, do Nascimento CAO, Biscaia EC
Jr, editors. 10th International Symposium on Process Systems Engi-
neering—PSE 2009, Vol. 27. Salvador-Bahia, Brazil: Elsevier,
2009;1–8.

13. Galvanin F, Barolo M, Bezzo F. Online model-based redesign of
experiments for parameter estimation in dynamic systems. Ind Eng
Chem Res. 2009;48:4415–4427.

14. Jayasankar B, Huang B, Ben-Zvi A. Receding horizon experiment
design with application in SOFC parameter estimation. In: Kothare
M, Tade M, Wouwer AV, Smets I, editors. 9th International Sympo-
sium on Dynamics and Control of Process Systems (DYCOPS 2010),
Leuven, Belgium. 2010; pp. 527–532.

15. Zhu Y, Huang B. Constrained receding-horizon experiment design
and parameter estimation in the presence of poor initial conditions.
AIChE J. 2011;57(10):2808–2820.

16. Bard Y. Nonlinear Parameter Estimation. New York: Academic
Press, 1974.

17. Walter E, Pronzato L. On the identifiability and distinguishability of
nonlinear parametric models. Math Comput Simul. 1996;42(2):125–
134.
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Appendix A: Process Model Equations

Dynamic behavior of the manager and the pump

The desired concentration cEDðtÞ is computed solving the
ED problem online by the personal computer (see Figure 4).
The manager and the pump are used to realize this concen-
tration, the output concentration is referred to as cNtðtÞ. The
dynamic behavior of this system depends mainly on the
static mixer which is part of the pump (see Figure 3). It gen-
erates a time delay related to the inlet concentration. A
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series of linear first-order dynamic systems are used to
model cNtðtÞ as a function of cEDðtÞ

s1 �
dc1ðtÞ

dt
¼ cEDðtÞ � c1ðtÞ (A1)

s1 �
dc2ðtÞ

dt
¼ c1ðtÞ � c2ðtÞ

..

.

s1 �
dcNt�1ðtÞ

dt
¼ cNt�2ðtÞ � cNt�1ðtÞ

s2 �
dcNtðtÞ

dt
¼ cNt�1ðtÞ � cNtðtÞ

In Eq. (A1), Nt ¼ 12 is the number of linear systems and
s1 ¼ 0:0376 min; s2 ¼ 0:3 min are the corresponding time
constants.

Model of the chromatography column

The HPLC column is modeled using the Equilibrium Trans-
port Dispersive Model (ETDM), which is obtained from the
consideration of three phases: the moving liquid phase (bulk
phase), the stagnant liquid pore phase (pore phase) and the
solid adsorbent phase (adsorbed phase). The equation for the
bulk phase is given as a parabolic differential equation of sec-
ond order with constant coefficients (see e.g. Ref. 27)

@cflðz; tÞ
@t

¼ Dax �
@2cflðz; tÞ
@z2

� u � @cflðz; tÞ
@z

� 1� eext

eext
� 3

rP
� b � ðcflðz; tÞ � cpðz; tÞÞ ðA2Þ

where cflðz; tÞ is the concentration in the moving fluid phase
and cpðz; tÞ the concentration in the pore phase. Moreover,
Dax represents the axial dispersion coefficient, u is the
constant velocity of the mobile phase, eext is the external
porosity, rP is the adsorbent particle radius, b the lumped
mass-transfer coefficient, t is the time, and z is the axial-
coordinate along the column. The Danckwerts inflow and
outflow boundary conditions are given as

@cfl

@z
ðz ¼ 0; tÞ¼ u

Dax
� cflðz¼0; tÞ�cinðtÞ
� �

;
@cfl

@z
ðz ¼ lc; tÞ ¼ 0

(A3)

where cinðtÞ ¼ cNtðtÞ is the concentration of the eluent given
into the column (see Figure 4) and lc is the bed length of the
column. In the ETDM model a second linear implicit equa-
tion (Eq. A4) for the pore phase is considered and, thus, the
accumulation in the pore phase is decoupled from the accu-
mulation in the bulk phase

eint �
@cpðz; tÞ
@t

þ ð1� eintÞ �
@qðz; tÞ
@t

¼ @

@t

�
eint � cpðz; tÞ

þð1� eintÞ � qðz; tÞ
�
¼ 3

rP
� b � ðcflðz; tÞ � cpðz; tÞÞ ðA4Þ

In Eq. A4, cpðz; tÞ is the concentration in the pore phase,
eint is the internal or intraparticular porosity and qðz; tÞ is the
adsorbent concentration (referred to the particle volume).

Finally, the multicomponent Langmuir adsorption isotherm
describes the equilibrium between adsorbent phase and pore
phase (Eq. A5)

qðz; tÞ ¼ a � cpðz; tÞ
1þ b � cpðz; tÞ

(A5)

where a; b are the isotherm parameters. The initial conditions
for (Eq. A2 and A4) are given as

cflðz; t ¼ 0Þ ¼ cfl;0ðzÞ ; cpðz; t ¼ 0Þ ¼ cp;0ðzÞ (A6)

Calibration curve of the UV sensor

Finally the calibration of the UV sensor is given as

cmðtÞ ¼ m0 þ m1 � exp½m2 � sUVðtÞ� (A7)

where sUVðtÞ is the signal value from the UV sensor,
m0;m1;m2 are the calibration parameters and
cmðtÞ ¼ cflðz ¼ lc; tÞ is the measured liquid concentration at
the column outlet (see Figure 4). It has to be noted that (Eq.
A7) is solved for sUVðtÞ and this predicted signal is then fit-
ted to the experimentally measured UV signal by solving the
PE problem.

Appendix B: Derivatives of ED Criteria

In Eq. 8, different criteria can be selected in order to
define the objective function UED in Eq. 7. These criteria are
applied to the covariance matrix Rh whose definition is given
for unconstrained estimation problems, see Eq. 6. We use
the normalized FIM �F which is obtained from the normal-
ized sensitivities �S, see Eq. B1

�Fðu; ĥÞ ¼ �Sðu; ĥÞT � R�1
y � �Sðu; ĥÞ ; (B1)

with �Si;j ¼ Si;j � ĥj 8i 2 Ny � Nm ; j 2 Np

Based on this, the normalized covariance matrix �Rĥ then
indicates relative rather then absolute uncertainties of the pa-
rameters.

For an efficient gradient-based solution of the ED problem
(see Eq. 7) the first-order derivatives @UED=@u are generated
together with the solution of the DAE system in Eq. 1. The
rules to calculate these derivatives for all ED criteria follow.
The calculation of directional derivatives of ED criteria for
constrained parameter estimation problems can be found
elsewhere.39,40

The applied matrix derivation rules, the system for ordering
the results using matrix operations as well as the correspond-
ing notations have been taken from Refs. 41 and 42. The
application of the chain rule yields a product of four terms

@UED

@u|fflffl{zfflffl}
2R1�Nu

¼ @UED

@Rh|fflffl{zfflffl}
2R1�Np�Np

� @Rh

@F|{z}
2RNp�Np�Np�Np

� @F

@S|{z}
2RNp�Np�Ny�Nm�Np

� @S

@u|{z}
2RNy�Nm�Np�Nu

(B2)
From the dimensions of the different terms in Eq. B2 it

can be seen that the matrices Rh;F; S are transformed to vec-
tors. This is done by the vecðÞ operator which indicates the
vectorization of a matrix by stacking its columns.41 The
result for the transformed sensitivity matrix reads
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vecðSÞ ¼
		

@y1

@h1

; � � � ; @yNy

@h1


����
t1

;

	
@y1

@h1

; � � � ; @yNy

@h1


����
t2

; � � � ;
	
@y1

@h1

; � � � ; @yNy

@h1


����
tNm

; ðB3Þ

@y1

@h2

; � � � ; @yNy

@h2

	 
����
t1

;
@y1

@h2

; � � � ; @yNy

@h2

	 
����
t2

; � � � ;

@y1

@h2

; � � � ; @yNy

@h2

	 
����
tNm

; � � � ;

	
@y1

@hNp

; � � � ; @yNy

@hNp


����
t1

;

	
@y1

@hNp

; � � � ; @yNy

@hNp


����
t2

; � � � ;
	
@y1

@hNp

; � � � ; @yNy

@hNp


����
tNm


T

The calculation of the first derivative term in Eq. B2 is
given in Eq. B4. According to the different design criteria in
(Eq. 8) they read

@UA

@Rh
¼ @

@Rh

1

Np
� trðRhÞ

	 

¼ 1

Np
� vecðINpÞT (B4a)

@UD

@Rh
¼ @

@Rh
ðdetðRhÞÞ

1
Np

� �
¼ 1

Np
� detðRhÞð Þ

1
Np�vecðR�T

h Þ
T

(B4b)

@UE

@Rh
¼ @

@Rh
maxðkðRhÞÞð Þ ¼ ðvT � vÞ�1 � vT � ðINp � vTÞ

(B4c)

In Eq. B4b, R�T
h ¼ ðR�1

h Þ
T

and in Eq. B4c, v denotes the
eigenvector which corresponds to the maximum eigenvalue
of the parameter covariance matrix maxðkðRhÞÞ. The deriva-
tive of a matrix with respect to its inverse is

@Rh

@F
¼ @

@F
Fþ Cð Þ�1¼ � F�T � F�1

� �
(B5)

where C 2 RNp�Np is considered to be an additional constant
matrix, used here to represent the information content of pre-
vious experiments, see also the definition in Eq. 16. The de-
rivative of the FIM F reads (see Refs. 41 and 42)

@F

@S
¼ @

@S
ST � R�1

y � S
� �

¼ ST � R�1
y � INp

� �
� K

þ INp � ST � R�T
y

� �
ðB6Þ

where K is the ðNy � Nm � Np� Ny � Nm � NpÞ permutation
matrix that transforms ½vec Sð Þ� into ½vec STð Þ�, see Ref. 41.

For a scaling of the sensitivity matrix S with the parameter val-
ues (see Eq. B1), the following element-wise multiplication of two
matrices is considered �S ¼ S * Msc, being Msc ¼ hT � INy�Nm�1

the scaling matrix. The derivatives of F with respect to �S are then
calculated in the same way as in Eq. B6 and additionally an ele-
ment-wise multiplication of the result is performed.

@F

@S
¼ @F

@ �S
� @

�S

@S
¼ @

@ �S
�ST � R�1

y � �S
� �

� vecðMscÞ � INp�Np�1

� �
(B7)

Finally, the last derivative term in Eq. B2 is defined by
mixed second-order directional derivatives

@S

@u
¼ @

@u

@y

@h

	 

¼ @2y

@u@h
¼ Hu;h (B8)

They correspond to second-order sensitivities of the DAE
system and have to be generated together with the solution
of Eq. 1. The dimension of Hu;h is shown in Eq. B9. The
ordering results directly from the derivation of the vectorized
matrix S whose definition is given in Eq. B3

Hu;h ¼
@ vecðSÞð Þ

@u
2 RNy�Nm�Np�Nu (B9)

Manuscript received July 12, 2012, and revision received Oct. 11, 2012.

AIChE Journal June 2013 Vol. 59, No. 6 Published on behalf of the AIChE DOI 10.1002/aic 1995


